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Abstract
Quantum mechanics on the moduli space of N supersymmetric Reissner-Nordstrom
black holes is shown to admit 4 supersymmetries using an unconventional supermulti-
plet which contains 3N bosons and 4N fermions. A near-horizon limit is found in which
the quantum mechanics of widely separated black holes decouples from that of strongly-
interacting, near-coincident black holes. This near-horizon theory is shown to have an
enhanced D(2, 1; 0) superconformal symmetry. The bosonic symmetries are SL(2,R) con-
formal symmetry and SU(2) × SU(2) R-symmetry arising from spatial rotations and the
R-symmetry of N = 2 supergravity.
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1. Introduction
The quantum mechanics of N slowly-moving, four-dimensional extremal Reissner-
Nordstrom black holes is a sigma model whose target space is the moduli space of multi-
black hole solutions. This moduli space is parameterized by the 3N coordinates of the N
black holes in R3. The metric on this moduli space was discovered over a decade ago by
Ferrell and Eardley [1,2]. When embedded in N = 2 supergravity, the static black hole
configurations preserve four of the eight supersymmetries. One therefore expects an N = 4
supersymmetric quantum mechanics with 4N fermions arising as goldstinos. Typically four
supersymmetries would imply a complex structure on the target space. This is clearly not
possible in this instance, however, because the dimension of the moduli space can be odd.
This puzzle is discussed in [3-5]. Aspects of this problem are explored in [6-8].
In this paper we resolve this puzzle by coupling 3N real N = 1 supermultiplets Φµ,
containing one fermion and one boson apiece, to N real fermionic N = 1 supermultiplets
ψA, each containing one physical fermion and an auxiliary boson. This gives the required
3N bosons and 4N fermions. We show that taken together these comprise a constrained
N = 4 multiplet, which is then used to construct a general class of N = 4 actions. The
geometry of such theories is a generalization of the weak hyperka¨hler with torsion geometry
[4] to 3N dimensions, in which the SU(2) generators of R3 spatial rotations play the role
of the triplet of complex structures. The Ferrell-Eardley moduli space is shown to be an
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example of such a geometry and therefore admits N = 4 supersymmetry, although we will
see that the moduli space metric is modified when the auxiliary bosons are integrated out.
Supersymmetry therefore requires corrections to the Ferrell-Eardley metric.
We further consider a near-coincident or near-horizon limit of the moduli space in
which the coordinate separation (in spatially conformal coordinates) of the center of mass
of the black holes is small compared to their size. In this limit the actual geodesic distance
between horizons remains infinite and all curvatures remain small, so the semiclassical ap-
proximation is expected to be valid. At low energies this near-horizon quantum mechanics
completely decouples from quantum mechanics of widely-separated black holes. We show
that the near-horizon theory has an enhanced D(2, 1; 0) superconformal symmetry. One of
the bosonic SU(2) subgroups of D(2, 1; 0) arises from spacetime rotations, while the other
arises form the R-symmetry of N = 2 supergravity in four dimensions.
One motivation for this work is to understand the spectrum of black hole bound states.
The wave function for any state of the near-horizon theory has coordinate separations
between black holes which are small compared to their size. Such states are therefore
multi-black hole bound states. We expect that the D(2, 1; 0) superconformal symmetry
will play a key role in understanding the bound state spectrum.
In section 2 we describe the moduli space and its near-horizon limit. In section 3
we construct the N = 4 supersymmetric extension. In section 4 we describe D(2, 1;α)
superconformal quantum mechanics. In section 5 we show that the near-horizon theory
has D(2, 1; 0) superconformal symmetry. Related work in five dimensions appears in [9-
12]. Related work on supersymmetric and superconformal quantum mechanics appears in
[3,4,13-16]. Some aspects of sections 3 and 4 have been investigated independently by G.
Papadopoulos [17].
2. The Multi-Black Hole Moduli Space
We wish to study the moduli space of extremal black hole solutions of pure N = 2
supergravity in four dimensions. To this end we will first review results for the moduli
space of black hole solutions in Einstein-Maxwell theory, which is the bosonic sector of the
supergravity theory under consideration.
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2.1. The Moduli Space Metric
The study of black hole moduli spaces was pioneered by Ferrell and Eardley [1], who
considered extremally charged black holes in four-dimensional Einstein-Maxwell theory,
which has the action
SEM =
1
16π
∫
d4x
√−g(R − F 2). (2.1)
This theory admits static multi-black hole solutions whose metric and potential are given
by
ds2 = −ψ−2dt2 + ψ2dx2, A = −(1− ψ−1)dt (2.2)
in terms of a harmonic function
ψ(x) = 1 +
∑
A
mA
|x− xA| , (2.3)
where A = 1, . . . , N labels the N black holes with masses mA and positions x
A. The
Einstein-Maxwell action evaluated for solution (2.2)
L0 = −
∑
A
mA (2.4)
is independent of xA, thus the positions of the black holes are moduli. This is the well
known fact that the electric repulsion and gravitational attraction of extremal black holes
cancel. If one gives the black holes small velocities vA and expands the Einstein-Maxwell
action to O(v2) around the static solution (2.2) one finds Ferrell and Eardley’s effective
lagrangian [1]
L = 1
2
∑
A
mA(v
A)2 + Lint, (2.5)
where
Lint = 3
8π
∫
d3x ψ2
∑
A,B
mAmB
r3Ar
3
B
[
1
2(rA · rB)|vA − vB |2 − (rA × rB) · (vA × vB)
]
, (2.6)
rA = x − xA and rA = |rA|. It is a curious (and unexplained) fact that (2.6) contains
only two-body, three-body and four-body interactions. A very useful form of the effective
lagrangian (2.5) is
L = 1
2
∑
A,B
vAkvBl(δikδ
j
l + ǫ
mi
kǫm
j
l)∂Ai∂BjL, L = − 1
16π
∫
d3x ψ4, (2.7)
with ψ given by (2.3) and spatial indices i, j = 1, 2, 3.
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2.2. The Near-Horizon Limit
Let us first consider the single black hole solutions of Einstein-Maxwell theory. For
an extremal black hole at x1 the metric takes the form (2.2) where ψ(x) = 1+ m|x−x1| . The
near-horizon limit is defined by |x− x1| ≪ 1, in which case the metric takes the form
ds2 = −
( r
m
)2
dt2 +
(m
r
)2
dr2 +m2dΩ2 (2.8)
where r = |x − x1|. Thus the near-horizon geometry of a single extremal black hole is
AdS2 × S2.
This analysis of the near-horizon limit of the physical geometry motivates the defi-
nition of a similar limit for the multi-black hole moduli space geometry. We require that
|xA − xB | ≪ 1 for A,B = 1, . . . , N . In this limit the 1 in the harmonic function ψ can be
dropped and the potential in (2.7) is replaced by
L = − 1
16π
∫
d3x
[∑
A
mA
|x− xA|
]4
. (2.9)
The geometry of the moduli space is still quite complicated. An important feature of this
geometry is the existence of noncompact, asymptotically locally flat regions for xA → xB .
These correspond to near-coincident black holes.
3. N = 4 Supersymmetry and the Black Hole Moduli Space
In this section we demonstrate that (2.7) admits an N = 4 supersymmetric extension.
Such an extension is expected because the solution (2.2) preserves four supersymmetries
when embedded in N = 2, D = 4 supergravity. The four broken supersymmetries are
expected to lead to four goldstinos per black hole, and hence 4N fermions in addition
to the 3N bosons in the supersymmetric quantum mechanics. Since the unbroken super-
charges transform under spatial rotations, we further expect an SU(2) R symmetry with
the bosons in triplets and the fermions in doublets. A second SU(2) quantum mechanical
R-symmetry, with singlet bosons and doublet fermions, is expected from reduction of the
four-dimensional R-symmetry.
This field content sounds rather exotic as one usually encounters equal numbers of
bosons and fermions in a supersymmetric theory. However in one dimension there is a
fermion supermultiplet Ψ whose only physical fields are fermions [18]. Accordingly in this
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section we consider 3N real N = 1 multiplets Φµ – each of which contains one boson
and one fermion – along with N extra fermion multiplets ΨA – each of which contains
a single physical fermion. These are combined into a constrained N = 4 multiplet in a
manner which properly realizes the R-symmetries. Invariant actions are then constructed
using N = 4 superspace. This construction is found to include the black hole quantum
mechanics as a special case.
3.1. Supersymmetry Transformations
Our treatment of supersymmetry follows closely that of Coles and Papadopoulos [18],
although our notation differs very slightly. We first introduce the N = 1 superfields
Φµ = Xµ − iθλµ, ΨA = iψA + iθbA, (3.1)
where Xµ and bA are real bosons and λµ and ψA are real fermions. The bosonic superfield
Φµ is the usual map from N = 1 superspace into the sigma model manifoldM. We define
the usual superspace derivatives for the 0th supersymmetry
Q = d
dθ
+ iθ
d
dt
, D = d
dθ
− iθ d
dt
(3.2)
which obey
Q2 = i d
dt
, D2 = −i d
dt
, {Q,D} = 0. (3.3)
For the remaining supersymmetries, i = 1, . . . ,N − 1, one makes the ansatz
QiΦµ = IiµνDΦν + eiµAΨA, QiΨA = IiABDΨB − ieiAµΦ˙µ, (3.4)
where ˙ = d
dt
. Under an infinitesimal supersymmetry transformation parametrized by ζr,
r = 0, . . . ,N − 1, the superfields Φµ and ΨA transform as
δζΦ
µ = ζrQrΦµ, δζΨA = ζrQrΨA, (3.5)
where Q0 ≡ Q. The conditions that (3.2) and (3.4) close to the supersymmetry algebra
{Qr,Qs} = 2iδrs d
dt
, r, s = 0, . . . ,N − 1, (3.6)
appear in Appendix A of [18] (and in much more generality than our special case). The
most interesting constraints are
−IiµνIiνρ + eiµAeiAρ = δµρ , N (Ii)µνρ = 0 (3.7)
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for all i, where N (Ii) is the Nijenhuis tensor of Ii.
If the ei terms are absent (3.7) requires the Ii to be complex structures. This is
impossible, however, if the target space is 3N dimensional as in the case of current interest.
A simple solution of the constraints when µ = 1, . . . , 3N and A = 1, . . . , N is
(Ii)
Aj
Bk = δ
A
Bǫi
j
k, (Ii)
A
B = 0, (ei)
A
Bj = δ
A
Bδij , (ei)
Bj
A = δ
B
Aδ
j
i , (3.8)
where we have replaced the index µ with the index pair Ai with i = 1, 2, 3. It is easy to
check directly that the closure conditions (3.6) are satisfied by (3.8).
3.2. Supersymmetric Actions
In order to construct supersymmetric actions it is efficient to introduce constrained
N = 4 superfields. We employ anticommuting superspace coordinates θr, r = 0, . . . , 3,
where θ0 ≡ θ is the usual N = 1 superspace coordinate. The corresponding N = 4 super-
fields are denoted in boldface Φµ(t, θr) and Ψ
A(t, θr). Their θi-independent components
are the usual N = 1 superfields Φµ(t, θ) and ΨA(t, θ) appearing in (3.1). We define
Qr = d
dθr
+ iθr
d
dt
, Dr = d
dθr
− iθr d
dt
(3.9)
which obey
{Qr,Qs} = 2iδrs d
dt
= −{Dr,Ds}, {Qr,Ds} = 0, (3.10)
with D0 ≡ D. The supersymmetry transformations in N = 4 superspace are generated by
the Qr,
δζΦ
µ = ζrQrΦµ, δζΨA = ζrQrΨA, (3.11)
which automatically obey the supersymmetry algebra. The N = 4 superfields have many
fermionic components which we need to reduce in number by a constraint. At the same
time we wish to recover the transformations (3.4). Both of these goals are accomplished
by the constraint
DiΦAj = ǫijkDΦAk + δjiΨA
DiΨA = −iδijΦ˙Aj .
(3.12)
One recovers (3.4) by plugging these constraints into the θi-independent part of (3.11).
A manifestly N = 4 supersymmetric action can now be constructed as
S =
1
2
∫
dtd4θ L(Φ). (3.13)
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This can be reduced to an N = 1 superspace action using the constraints (3.12) and
integrating over the three θi. Using
∫
dθiF = DiF|θi=0 + (total derivative) we find that
S =
1
2
∫
dtdθ
[
L,µνρD1ΦµD2ΦνD3Φρ
+ L,µν(D1ΦµD2D3Φν +D2ΦµD3D1Φν +D3ΦµD1D2Φν)
+ L,µD1D2D3Φµ
]
θi=0
(3.14)
where µ, ν, ρ = 1, . . . , 3N run over the moduli space indices Aj. From (3.12) we see that
for k 6= i
DkDiΦAj = −DiDkΦAj = −ǫijkDΨA − 2iδm[kδi]jΦ˙Am, (3.15)
D1D2D3Φµ = −iDΦ˙µ. (3.16)
We may write the action in a more symmetric form by anticommuting and integrating the
third line of (3.14) by parts:
S =
1
2
∫
dtdθ
[
1
3!
L,µνρǫ
ijkDiΦµDjΦνDkΦρ
+ L,µν(
1
2 ǫ
ijkDiΦµDjDkΦν + iDΦµΦ˙ν)
]
θi=0
.
(3.17)
The most general supersymmetric action for Φµ and ΨA contains the terms [18]
S =
∫
dtdθ
[
i
2
gµνDΦµΦ˙ν − 1
2
hABΨ
ADΨB − ifµAΦ˙µΨA + 1
3!
cµνρDΦµDΦνDΦρ
+
1
2!
nµνADΦµDΦνΨA + 1
2!
mµABDΦµΨAΨB + 1
3!
lABCΨ
AΨBΨC
]
.
(3.18)
Using (3.12) and (3.15) we can read off the quadratic terms of (3.17),
gAiBj = (δ
k
i δ
l
j + ǫ
mk
iǫm
l
j) ∂Ak∂BlL, (3.19)
hAB = δ
ij∂Ai∂BjL, (3.20)
fAiB = ǫ
jk
i∂Aj∂BkL. (3.21)
The DΨDΦ term has been integrated by parts and absorbed into the f and n terms. The
cubic terms are
cAiBjCk =
1
2
ǫpqhǫp
l
iǫq
m
jǫh
n
k ∂Al∂Bm∂CnL, (3.22)
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nAiBjC =
1
2 (ǫ
pqnǫp
l
iǫq
m
j + ǫ
l
i
nδmj − ǫmjnδli) ∂Al∂Bm∂CnL, (3.23)
mAiBC =
1
2
ǫjmnǫj
l
i ∂Al∂Bm∂CnL, (3.24)
lABC =
1
2
ǫlmn ∂Al∂Bm∂CnL. (3.25)
The actions (3.13) and (3.18) are N = 4 supersymmetric for any function L. Compar-
ing the bosonic metric (3.19) appearing in the action with the moduli space metric (2.7)
we conclude that the choice
L = − 1
16π
∫
d3x ψ4 (3.26)
describes the N = 4 supersymmetric quantum mechanics of N black holes.
It is straightforward to check that with L given by (3.26), the coupling fµA computed
from (3.21) is nonzero (as long as N > 2). From (3.18) it can be seen that this implies a
coupling of the form fµAX˙
µbA once the superfields are written out in terms of components.
When the auxiliary fields bA are integrated out, the quadratic action gµνX˙
µX˙ν will receive
an additional contribution proportional to fµAfνBh
ABX˙µX˙ν . This signifies a modification
of the moduli space metric required by supersymmetry.
4. Superconformal Symmetry with Fermion Multiplets
In this section we investigate the superconformal extension of the supersymmetry al-
gebra developed in the previous section. We continue to work with the multiplets (Xµ, λµ)
and (ψA, bA). In sections 4.1 and 4.2 we will work with generic Ii and ei, requiring only that
the extra supersymmetries (3.4) satisfy the supersymmetry algebra (3.6) – we will restrict
our attention to the specific choices of Ii and ei (3.8) only in section 4.3. Although our
approach will resemble that of [9] we will work entirely in the lagrangian formulation. One
consequence of this is that we will investigate separately the closure of the superconformal
algebra on the fields (Xµ, λµ, ψA, bA) and invariance of the action (3.14).
4.1. Conformal Transformations
We investigate the behavior of the fields (Xµ, λµ, ψA, bA) under conformal transfor-
mations. It is convenient to parametrize a conformal transformation by
ǫ(t) = ǫH + 2tǫD + t
2ǫK . (4.1)
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where ǫH , ǫD, and ǫK are constant infinitesimal parameters corresponding respectively
to time translations, dilatations and special conformal transformations. With this
parametrization the SL(2,R) algebra takes the form
[δǫ1 , δǫ2 ] = δ[ǫ1,ǫ2], where [ǫ1, ǫ2] = ǫ1ǫ˙2 − ǫ2ǫ˙1. (4.2)
If we define the generators H, D and K by
δǫH = iǫHH, δ2ǫDt = iǫDD, δǫK t2 = iǫKK, (4.3)
then the algebra takes the familiar form
[H,K] = −iD, [H,D] = −2iH, [K,D] = 2iK. (4.4)
The variation of the field Xµ under a conformal transformation is
δǫX
µ = −ǫX˙µ + 1
2
ǫ˙Dµ (4.5)
for some vector field Dµ(X). One easily checks that the SL(2,R) algebra (4.2) is satisfied
for any Dµ. For the remaining fields, we make the ansa¨tze1
δǫλ
µ = −ǫλ˙µ + 12 ǫ˙Fµ,
δǫψ
A = −ǫψ˙A + 12 ǫ˙GA,
δǫb
A = −ǫb˙A + 12 ǫ˙HA.
(4.6)
Again one easily checks that the SL(2,R) algebra is satisfied as long as Fµ(X, λ), GA(X,ψ)
and HA(X, b) do not depend on the time derivatives of the four basic fields.
We now wish to enlarge the algebra to include the supersymmetries (3.2) and (3.4). In
analogy with the above discussion we will express the supersymmetry variations in terms
of generators Qr of supersymmetry transformations on the component fields (not to be
confused with the superderivatives (3.9), which act on superfields) defined by
δζ = iζrQ
r (4.7)
1 Although we shall not find it necessary, one could consider more general conformal transfor-
mations where Dµ, Fµ, GA and HA are functions of (Xµ, λµ, ψA, bA). In this case the conditions
required by closure of the Osp(1|2)r algebras become somewhat more complicated.
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where the ζr are anticommuting parameters. Since the supersymmetry transformations do
not involve the index A we will suppress this index and consider just the fields (X i, λi, ψ, b).
The action of these generators on the component fields is
Q0X i = −λi, Q0λi = −iX˙ i, Q0ψ = −ib, Q0b = −ψ˙ (4.8)
and
QiXj = −ǫijkλk + δijψ,
Qiλj = iǫijkX˙
k − iδijb,
Qiψ = iX˙ i,
Qib = −λ˙i.
(4.9)
It is straightforward to verify that these generators obey the required anticommutation
relations {Qr, Qs} = 2δrsH.
We first enlarge the SL(2,R) algebra to Osp(1|2)0 by incorporating the N = 1 super-
symmetry transformation Q0. Following the procedure outlined in Appendix A we define
the superconformal generator S0 by the relation [K,Q0] = iS0. The requirement that
[D,Q0] = iQ0 on Xµ implies the unique choice Fµ = Q0(Xµ−Dµ). This same relation on
ψA requires HA = iQ0(GA−ψA). The relation [K,S0] = 0 gives no additional constraints,
so the remaining (anti-) commutation relations of Osp(1|2)0 (see Appendix B) follow with
no additional restrictions on Dµ(X) or GA(X,ψ).
The next step is to incorporate the extended supersymmetries (4.9). We first examine
the conditions required by closure of the Osp(1|2)i subalgebra, which is generated by
(H,D,K,Qi, Si), for each value of i. We define Si by [K,Qi] = iSi as before. We find
[D,Qi]Xµ = iQiXµ + i(LDIiµν)λν − ψA(LDeiµA + eiµA)− eiµAGA. (4.10)
so that closure of the algebra requires LDIiµν = 0. Furthermore, if we make the ansatz
that (LD − β)eiµA = 0 for some constant β then (4.10) requires
GA = −(β + 1)ψA. (4.11)
Acting on ψA we find
[D,Qi]ψA = iQiψA + X˙µ(LD + β)eiAµ (4.12)
so we must have
(LD + β)eiAµ = 0. (4.13)
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The rest of the Osp(1|2)i algebra follows without further restrictions.
We have verified that the supersymmetry transformations (3.2) and (3.4) together
with the conformal transformations
δǫX
µ = −ǫX˙µ + 1
2
ǫ˙Dµ,
δǫλ
µ = −ǫλ˙µ + 12 ǫ˙(Dµ,νλν − λµ),
δǫψ
A = −ǫψ˙A − 12 ǫ˙(β + 1)ψA,
δǫb
A = −ǫb˙A − 1
2
ǫ˙(β + 2)bA
(4.14)
satisfy the N separate algebras Osp(1|2)r as long as
LDIiµν = (LD − β)eiµA = (LD + β)eiAµ = 0 (4.15)
for each i = 1, . . . ,N − 1.
We must now knit these N Osp(1|2)r algebras together into the appropriate superal-
gebra. Following the procedure outlined in Appendix A, it remains only to check that the
Qr lie in an appropriate spinor representation of the R symmetry algebra which appears
on the right-hand side of the {Qr, Ss} anticommutator. This will be done for the constant
I and e case (3.8) in section 4.3 below.
4.2. Conformally Invariant N = 1 Actions
In this section we construct conformally invariant actions out of the N = 1 multiplets
Φµ and ΨA. Let us start with the superfield Φµ. The most general action involving only
dimensionless couplings is [18]
S1 =
∫
dtdθ
i
2
gµνDΦµΦ˙ν + 1
6
cµνρDΦµDΦνDΦρ. (4.16)
In terms of component fields
S1 =
∫
dt
1
2
gµν [X˙
µX˙ν + iλµDtλ
ν ] +
i
2
cµνρλ
µλνX˙ρ − 1
6
cµνρ,σλ
µλνλρλσ, (4.17)
where
Dtλ
ν = λ˙ν + ΓνρσX˙
ρλσ. (4.18)
It is convenient to consider separately the bosonic and fermionic terms in (4.17). Using
(4.14) we find
δǫ
(
1
2gµνX˙
µX˙ν
)
∼ 1
4
ǫ˙[(LD − 2)gµν ]X˙µX˙ν + 1
2
ǫ¨DµX˙
µ, (4.19)
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where ∼ denotes equality up to total derivatives. Thus invariance of this term under
dilatations requires
(LD − 2)gµν = 0, (4.20)
i.e. that Dµ is a homothety. Invariance under special conformal transformations requires
in addition that
Dµ = ∂µK (4.21)
for some function K. A vector field Dµ obeying (4.20) and (4.21) is known as a closed
homothety. Note that in general invariance of the action under dilatations does not guar-
antee invariance under the full conformal group. In all further calculations we assume
(4.20) and (4.21) hold. For the two-fermion terms in (4.17) we find
δǫ
(
i
2gµνλ
µDtλ
ν + i2cµνρλ
µλνX˙ρ
)
∼ i
4
ǫ˙[(LD − 2)cµνρ]λµλνX˙ρ + i
4
ǫ¨Dµcµνρλ
νλρ (4.22)
so invariance requires that
(LD − 2)cµνρ = 0, Dµcµνρ = 0. (4.23)
Again, the first condition is required by dilatation invariance and the second is an additional
constraint required for full conformal symmetry. Finally, varying the four-fermion terms
in (4.17) gives
δǫ
(−1
6
cµνρ,σλ
µλνλρλσ
) ∼ 1
12
ǫ˙∂σ[(LD − 2)cµνρ]λσλµλνλρ, (4.24)
which vanishes as consequence of (4.23), giving no further constraints. The conditions
(4.20), (4.21) and (4.23) agree precisely with those found by the authors of [9], who used
the Hamiltonian formalism.
When the fermion multiplet ΨA = iψA + iθbA is included there are five additional
terms that one can add to the superspace lagrangian (4.16),
L2 = −1
2
hABΨ
ADΨB + 1
6
lABCΨ
AΨBΨC
− ifµAΦ˙µΨA + 1
2
mµABDΦµΨAΨB + 1
2
nµνADΦµDΦνΨA.
(4.25)
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The calculation of δǫL2 is similar to the above calculation, so we will simply quote the
result. The terms (4.25) are dilatation invariant provided that
LDhAB = (2β + 2)hAB,
LDlABC = (3β + 2)lABC ,
LDfµA = (β + 2)fµA,
LDmµAB = (2β + 2)mµAB ,
LDnµνA = (β + 2)nµνA,
(4.26)
and invariant under special conformal transformations if, in addition,
0 = DµmµAB ,
0 = Dν(nµνA −∇µfνA).
(4.27)
Note that the nµνA and fµA terms in (4.25) mix under conformal transformations.
4.3. D(2, 1;α) Quantum Mechanics with Fermion Multiplets
In this section we work out the R-symmetries and full superconformal algebra for the
special case (3.8) with constant I and e. We assume the existence of a closed homothety
of the form
DAi =
2
h
XAi (4.28)
for some constant h. Since ei
A
µ is now ei
A
Bj = δ
A
Bδij , which is constant, we have
LDeiAµ = eiAνDν ,µ = 2
h
ei
A
µ. (4.29)
Comparing with (4.13) we see that β and h must be related by β = − 2
h
.
The first step is to find the superconformal generators Sr, which are defined by Sr =
i[Qr, K]. Using (4.8) and (4.9), and again suppressing the A index, we find
S0Xj = −tλj , SiXj = −tǫijkλk + tδijψ,
S0λj = −itX˙j + 2i
h
Xj, Siλj = itǫijkX˙
k − itδijb− 2i
h
ǫijkX
k,
S0ψ = −itb, Siψ = itX˙ i − 2i
h
X i,
S0b = −tψ˙ + ( 2
h
− 1)ψ, Sib = −tλ˙i + ( 2
h
− 1)λi.
(4.30)
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As per the discussion in Appendix A, the hard part is now to package the {Qr, Ss} anti-
commutator into a nice form by defining the appropriate R symmetry generators. We find
that the {Q, S} anticommutator has the form
{Qr, Ss} = Dδrs + 4(h+ 1)
h
(T+i)
rsRi+ −
4
h
(T−i)
rsRi−, (4.31)
where the T i± are constant matrices defined by
(T i±)
rs = ∓δi[rδs]0 + 12 ǫirs, (4.32)
and the R symmetry generators are given by
Ri±X
j = i
2
(1∓ 1)ǫijkXk,
Ri±λ
j = i2 (ǫ
ij
kλ
k ∓ δijψ),
Ri±ψ = ± i2λi,
Ri±b = 0.
(4.33)
The T i± satisfy
[T i+, T
j
−] = 0, [T
i
±, T
j
±] = −ǫijkT k±, {T i±, T j±} = −
1
2
δij , (4.34)
and the R symmetries satisfy
[Ri+, R
j
−] = 0, [R
i
±, R
j
±] = iǫ
ij
kR
k
±. (4.35)
Thus the R-symmetry of this theory is SU(2) × SU(2). The R− act on the XAj as an
SO(3) triplet, so we interpret this SU(2) symmetry as arising from the SO(3) spatial
rotations of the original theory.2 The XAi are uncharged under R+, so the second SU(2)
must come from the SU(2) R-symmetry of the original D = 4, N = 2 supergravity. The
four Q’s transform as complex doublets of each SU(2),
[Ri±, Q
0] = ± i
2
Qi, [Ri±, Q
j] =
i
2
(∓δijQ0 + ǫijkQk), (4.36)
and the S’s similarly. We recognize (4.31) and (4.36) as the defining relations of the
D(2, 1;α) superalgebra with parameter
α = −h− 1. (4.37)
In conclusion, we have demonstrated that an N = 4 supersymmetric theory with
action (3.13) has D(2, 1;α = −h − 1) symmetry if it admits a closed homothety of the
form (4.28).
2 A more careful analysis shows that SO(3) spatial rotations are generated by the diagonal
subgroup R
−
+R+.
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5. Superconformal Symmetry of the Near-Horizon Moduli Space
In this section we demonstrate that the quantum mechanics defined by (2.7) admits
a D(2, 1; 0) symmetry in the near-horizon limit. In the near-horizon limit the metric is
gAkBl = G
ij
kl∂Ai∂BjL (5.1)
where
G
ij
kl = δ
i
kδ
j
l + ǫ
mi
kǫm
j
l (5.2)
and
L(xAi) = − 1
16π
∫
d3x
[∑
A
mA
|x− xA|
]4
. (5.3)
Our ansatz for the homothety is
DAi =
2
h
xAi (5.4)
for some constant h. It follows from (5.1) and (5.2) that D is a homothety (4.20) if
(xAi∂Ai − h)L = h
2
K (5.5)
where at this point K can be any function in the kernel of the differential operator of (5.1),
i.e.
G
ij
kl∂Ai∂BjK = 0. (5.6)
We should be careful since L contains a divergent piece that does not contribute to
the metric. To see this let us separate out two terms as
L = L1 + L2 + L
′ (5.7)
where
L1 = − 1
16π
∑
A
m4A
∫
d3x
1
|x− xA|4 (5.8)
and
L2 = − 1
4π
∑
A 6=B
m3AmB
∫
d3x
1
|x− xA|3|x− xB | . (5.9)
These are the only two potentially divergent pieces since all other terms in L contain at
most an integrable singularity |x−xA|−2 as x→ xA (provided that none of the black holes
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are coincident). Moreover, L′ is homogeneous of degree −1, i.e. L′(λxAi) = λ−1L′(xAi),
so Euler’s theorem tells us that
(xAi∂Ai + 1)L
′ = 0. (5.10)
Let us now turn our attention to the divergent terms. First, note that L1 is independent
of xA and thus does not contribute to the metric. If we insert a cutoff |x− xA| > δ in the
integral (5.9) we find that
L2 = −
∑
A 6=B
m3AmB
ln rAB + (1− ln δ)
rAB
. (5.11)
However, using G
(ij)
kl = δ
ijδkl it is easy to show that
G
ij
kl∂Ci∂Dj
1
rAB
= 0 (5.12)
so that the 1 − ln δ term does not contribute to the metric. Thus we find that L2 is not
homogeneous but instead satisfies
(xAi∂Ai + 1)L2 = −1
2
K (5.13)
where
K = 2
∑
A 6=B
m3AmB
1
rAB
(5.14)
is in the kernel of Gijkl∂Ci∂Dj by (5.12). So (5.5) holds for h = −1 and
DAi = −2xAi (5.15)
is a homothetic vector field.
We now show that (4.21) holds, i.e. that
DAk = gAkBlD
Bl = −2gAkBlxBl = ∂AkK. (5.16)
It turns out (as anticipated by the notation) that the solution to this is precisely the
function K defined in (5.14). To see this, note that L obeys L(Oijx
Aj) = L(xAi) for any
orthogonal matrix Oij . Thus
xBkǫmik∂BiL = 0 (5.17)
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since the ǫmik generate the SO(3) symmetry of R
3. A straightforward computation then
reveals that (5.16) holds. This completes the proof that the bosonic part of the sigma
model action admits an SL(2,R) symmetry in the near-horizon limit.
It remains to show that the fermionic terms arising from the supersymmetric com-
pletion of the action are also conformally invariant. It is straightforward to verify from
(5.15), (5.17) and (3.20)–(3.25) that conditions (4.23), (4.26) and (4.27) hold for β = 2.
Since we have h = −1 the superconformal group is D(2, 1; 0). This is a semi-direct product
of SU(1, 1|2) with SU(2), where the extra SU(2) acts nontrivially on the supercharges of
SU(1, 1|2).
The generator K of special conformal transformations has some useful features. Con-
formal invariance in quantum mechanics was studied in [19,20] (following the more general
treatment of [21,22]), wherein it is noted that the hamiltonian H of such a theory possesses
neither a ground state nor discrete eigenstates. It was suggested that one should consider,
instead of H eigenstates, eigenstates of
L0 =
1
2
(H +K), (5.18)
which has a well behaved discrete spectrum of normalizable eigenstates. In our case, the
near-horizon limit of the black hole moduli space has asymptotically locally flat regions
corresponding to near-coincident black holes rAB → 0 for any A 6= B, so the hamiltonian
does not have a ground state or discrete eigenstates. However, the function K (5.14)
diverges in these noncompact regions of the moduli space. Thus the operator L0, in which
K serves as a potential to cut off the noncompact regions of the moduli space, will provide a
sensible definition of the quantum mechanics, as per the suggestion of [19] (and in a related
black hole context of [23,24]). A similar story was recently found for five-dimensional black
holes [10,12,25].
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Appendix A. A Construction of d = 1 Superconformal Algebras
A generic superconformal algebra in d = 1 dimensions contains the conformal group
SL(2,R) generated by H, D and K, N fermionic supercharges Qi, an equal number of
fermionic partners Si = i[Qi, K], as well as some number of bosonic R-symmetry generators
required for closure of the algebra. A classification of the possible d = 1 superconformal
algebras is obtained by reading off from Nahm’s classification [26] of superalgebras those
in which SL(2,R) is a factored subgroup of the bosonic part of the superalgebra and in
which the fermionic generators sit in a spinorial representation of SL(2,R) [27]. The result
appears in Table 1.
Superalgebra dim(#b,#f) R-symmetry Spinor Rep.
Osp(1|2) (3,2) 1 1
Osp(2|2) = SU(1, 1|1) (4,4) U(1) 2
Osp(3|2) (6,6) SU(2) 3
PSU(1, 1|2) (6,8) SU(2) 2⊕ 2¯
D(2, 1;α)0<α≤1 (9,8) SU(2)× SU(2) (2, 2)
Osp(5|2) (13,10) SO(5) 5
SU(1, 1|3) (12,12) SU(3)× U(1) 3⊕ 3¯
Osp(6|2) (18,12) SO(6) 6
G(3) (17,14) G2 7
Osp(7|2) (24,14) SO(7) 7
Osp(4∗|4) (16,16) SU(2)× SO(5) (2, 4)
SU(1, 1|4) (19,16) SU(4)× U(1) 4⊕ 4¯
F (4) (24,16) SO(7) 8
Osp(8|2) (31,16) SO(8) 8
Osp(n|2), n > 8 ( 1
2
n(n− 1) + 3, 2n) SO(n) n
SU(1, 1|n), n > 4 (n2 + 3, 4n) SU(n)× U(1) n⊕ n¯
Osp(4∗|2n), n > 2 (2n2 + n+ 6, 8n) SU(2)× Sp(2n) (2, 2n)
Table 1. Lie superalgebras of classical type3 that contain an SL(2,R) subgroup, adapted
from a table in [27]. For clarity we have written out the N ≤ 8 algebras explicitly.
We do not differentiate the various real (i.e, noncompact) forms of these algebras in our
table. A classification of real simple Lie algebras of classical type appears in [29], and the
3 An excellent resource on Lie superalgebras is [28].
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results also appear in [27]. The algebra Osp(4∗|2n) has bosonic part SO∗(4) × Usp(2n),
where SO∗(4) ∼= SL(2,R) × SU(2) is a noncompact form of SO(4). The superalgebra
PSU(1, 1|2) is the quotient of SU(1, 1|2), which is not even semi-simple, by the U(1)
generated by the identity matrix. It has become common in the physics literature to use
SU(1, 1|2) as a shorthand for PSU(1, 1|2), and we adopt this convention throughout this
paper.
The Lie superalgebras D(2, 1;α) with α 6= 0,−1,∞ form a one-parameter family of
superalgebras. The algebras with parameters α, α−1 and −1 − α are isomorphic [28],
so it is sufficient to consider the family of algebras 0 < α ≤ 1. We have D(2, 1; 1) =
Osp(4|2) = Osp(4∗|2). In the limit α → 0, D(2, 1;α) reduces to a semi-direct product of
SU(1, 1|2) with SU(2), with the extra SU(2) acting nontrivially on the fermionic generators
of SU(1, 1|2).
We now describe the construction of a general d = 1 superconformal algebra starting
with generators H, D and K satisfying the SL(2,R) algebra (4.4) and N supercharges Qi
satisfying the supersymmetry algebra
{Qi, Qj} = 2δijH. (A.1)
It follows that
[H,Qi] = 0. (A.2)
The first nontrivial constraint is that the Qi must have the appropriate conformal weight,
[D,Qi] = iQi. (A.3)
We define the superconformal operators Si through the relation
[K,Qi] = iSi. (A.4)
Jacobi identities then guarantee that
[H,Si] = −iQi, [D,Si] = −iSi, (A.5)
but one must check that the Si defined by (A.4) satisfy4
[K,Si] = 0. (A.6)
4 This is not the only route to take, but it is the one we find most convenient.
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The definition (A.4), together with the appropriate Jacobi identity, fixes the symmetric
part of {Qi, Sj} to be δijD. We then define the R-symmetry generator to be the antisym-
metric part, so that
{Qi, Sj} = δijD +Rij (A.7)
holds. Note that there are at most 12N (N−1) independent generators Rij , so the dimension
of the R symmetry algebra of any d = 1 superconformal algebra with N supersymmetries
can be at most 12N (N − 1). This is just a reflection of the fact that the R symmetry
algebra for N real supercharges can be at most SO(N ).
Another application of the Jacobi identity gives
{Si, Sj} − 2δijK = i[K,Rij]. (A.8)
The left-hand side is symmetric under i ↔ j while the right-hand side is antisymmetric,
thus both sides must vanish separately. Two more applications of the Jacobi identity give
[H,Rij] = 0 = [D,Rij]. (A.9)
We have found from (A.8) and (A.9) that the R symmetry generators defined by (A.7)
commute with SL(2,R).
We have gotten quite far with little effort, but now it is time to pay the piper. As men-
tioned above, the 1
2
N (N−1) generators Rij may or may not be independent. We therefore
rewrite the Rij in terms of dim(R) independent generators Ra, a = 1, . . . , dim(R). The
final constraint on the superalgebra is that the Qi live in a spinor representation of R, i.e.
[Ra, Qi] = i(T a)ijQ
j (A.10)
where the (T a)ij satisfy
[T a, T b] = −fabcT c (A.11)
for some constants fabc. The (T
a)ij are the generators of the representation and the f
ab
c
are the structure constants of R. In general, the requirement (A.10) places very strong
constraints on the theory in question.
We shall now see that (A.10) fixes the rest of the superconformal algebra. Since K
commutes with the R symmetry it follows from (A.4) and (A.10) that
[Ra, Si] = i(T a)ijS
j , (A.12)
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so the Si necessarily lie in the same representation of R as the Qi. Finally, an application
of the Jacobi identity to (A.10) gives
[Ra, Rb] = ifabcR
c (A.13)
with the help of (A.11). Note that we have reconstructed the algebra of R from the
representation (A.10), so the representation must be faithful.
This completes the construction of the superconformal algebra. In summary, the
construction requires checking (4.4), (A.1), (A.3), (A.6), (A.10), and (A.11).
Appendix B. The Osp(1|2) Algebra
The N = 1 superconformal algebra Osp(1|2) contains SL(2,R) (4.4) as well as two
fermionic generators Q and S satisfying
{Q,Q} = 2H, {S, S} = 2K, {Q, S} = D,
[H,Q] = 0, [D,Q] = iQ, [K,Q] = iS,
[H,S] = −iQ, [D,S] = −iS, [K,S] = 0.
(B.1)
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